Consider a group < G,- > with an identity element e, S’ = {z € G : x # 271},
and S = {z € G: 2z =z"'}. We take as fact that G = SUS . We denote the order
of G to be |G| and the set of whole numbers to be W.

Statement 1. Ine W s.t. |G| =n = Ime W s.t. |S'| = 2m.

Proof. Assume that the order of G is finite so that there is an ng € W s.t. |G| = nyg.
For sure, |S'| # ng since e € S" and S C @, and is finite too. Let my € W be
the order of S'. It follows that 0 < mgy < ng. Now partition S’ into classes
S; = {wi,x; '} of size 2. The partition of classes S; is finite. Since " = J, S;, it
follows that the order of S’ is even. ]
Statement 2. Img € W s.t. |G|=2-mo+1=|5S|=2-ng+1 for some ng € W.
Proof. Since |G| = |S|+|S'| and |S'| = 2-r¢ for anrg € W, [S| = (2-mo+1)—2-7¢ =
2(mg —19) + 1. Since 2-mo+1 = |G| > |S'| =219, (mg—ro) > —1. But

mo, 7o € W, so mg —rg € W is a whole number greater than —%. Therefore, |S| is
an odd number. [

A similar proof yields the fact that if |G| is even, then |S| is even.
Statement 3. |G| is even implies that there is an x € G such that x € S — {e}.

Proof. Because |G| is even, |S| is even. Now since |S| is even and e € S, |S| is at
least 2. Therefore, there is an x € G such that 22 = e and = # e. O

Statement 4. Consider G to be Abelian and finite. Then

(H a)? =e.

a€eG
Proof. Since G is Abelian, we may pair an a; € G in the first term [, @ with its
unique inverse from the second term [], . a. This pairing is done for each element
of G. 0
Statement 5. Let G be an Abelian finite group. If x € S for allz € G —{e},
then [[,eqa =e.

Proof. For each a € G, pair with its unequal inverse a 1. O
The proof of Statement 6 follows similarly to the proof of Statement 5.
Statement 6. Consider G to be a finite Abelian group. If S ={ x,e } where x # e,

then
T = H a.

We can establish that H C G is a subgroup of G if we can show that
(1) e € H (Closed under identity)
(2) Vz,y € H, -y € H (Closed under the operation) and
(3) Vo € H,z=! € H (Closed under inverses)

Statement 7. Consider an Abelian group < G,- >. Then S is a subgroup of G.

Proof. e € S and so S is nonempty. Let xg,yo € S so that xyp = xgl and yo = yo_l.

Since (zg - yo)~* :yo_1 ~x51 =90 To = To Yo, Lo Yo €S. Also, xal =z € S.

Therefore S is a subgroup of G. ]
1



2

Statement 8. Consider an Abelian group G and let n € W. Then
H={zeG:x"=¢}
is a sugbroup of G.
The Abelian subgroup from Statement 8 is encountered in Complex Analysis.

Proof. Since e™ = e, H # (). Let x0,y0 € H so that e = 2 -y = (20 - yo)". Hence

T Yo € H. Also, since 79 € H, 28 =e. Soe=e¢ 1 = (z3)71 = (:vgl)”. Thus

xal € H. Therefore H is a subgroup of G. O

Statement 9. Consider an Abelian group < G,- >.
H:{xEG:xznyorsomeyeG}

is a subgroup of G.

Proof. ¢ € H sincee =e-e. Soe € H # (. Let xg,yo € H so that there is an
mo,ng € G s.t. g = mg and yo = n3. So zg - yo = m3 - nd = (mg - ng)?. Thus

zo-yo € H. Also, e = xg- x5 = m3 - 25" implies that z;* = (my')?. Hence
xal € H. Therefore H is a subgroup of G. (]

Statement 10. Consider an Abelian group < G,- > and a subgroup H.
K:{xGG:xQEH}

is a subgroup of G.

Proof. K is nonempty since e € G and e? € H. Let zo,yo € K so that 22,92 € H.

Because G is Abelian, (xq - y9)?> = 23 -y2 € H. Thus zg-yo € K. Since 22 € H

and H is a subgroup of G, (z5")? = (22)~' € H. Hence z,' € K. Therefore K is

a subgroup of G. O

Statement 11. Consider an Abelian group < G,- > and a subgroup H. Then
K={zeG: forsomeneN, 2" € H}

is a subgroup of G

Proof. K is nonempty since e € K. Let xg,yg € K so that there is an m,n € N

such that z{*, y§ € H. So (xo-yo)™" = z{" -y € H. Thus zo - yo € K. Since

zo € K,z € H for some n € N. So (25")" = (zf)~' € H. Hence z;' € K.
Therefore K is a subgroup of G. O

Statement 12. Consider an Abelian group < G,- > and its 2 subgroups H and
K. Then
HK={z-y:2 € HANyeK }

is a subgroup of G.
Proof. e € HK since e € H and e € K and e-e = e. Let pg-myg, 19 -tg € HK
where pg,79 € H, and so pg - 9 € H. Also, mg - tg € K. Since G is Abelian,
(po ~m0) . (’I“Q't()) = (po "I“o) . (mo ~t0) c HK.

Because pg-mg € HK, pgl € H and mo_1 € K. Since G is Abelian, (pg-mg)~* =
mo_1 ~p51 :palmal € HK. Thus (po-mo)~! € HK.

Therefore HK is a subgroup of G. (]

Statement 13. Let G be a group.
H, K are subgroups of G = H N K is a subgroup of G.
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Proof. Since H and K are subgroups of G, e € HN K. Let xg,y9 € H N K so that
zo,yo € H, K. Hence zy-yg € H, K. So zp-y9 € HN K. Since :vo_l € H, K, so
g '€ HNK. Therefore, if H and K are subgroups of G, then HNK is a subgroup
of G. |

The center of a group G referstoaset {a € G: (Vz € G)(a-z=x-a) }.

Statement 14. Consider the group < G,- > and its center C. Then C is a
subgroup of G.

Proof. First, the identity e is in C' since by definition it commutes with all elements
of the group G. Let mn € C and z € Gsothat t-m=m-zand z-n=n-=x.
From properties of a group, - (m-n) =(x-m) - n=(m-z) - n=m-(x-n) =

m-(n-z)=(m-n)-z. Thusm-n € C. Sincem € C, m-z = x-m. Now
mt-m-z=mt-z-m=z-m!=m! -z Thus m~! € C. Therefore C is a
subgroup of G. (]

Statement 15. For a group G, we have that the set
S={a€eG:Vz G, (z-a)’=(a-2)°}

is a subgroup of G.

Proof. Note that e € S so that S # ). Let a,b € S and x € G. We then have that

because b-z € G, (a-(b-x))? = ((b-z)-a)?. Now because z-a € G ,((b-z)-a)? =

(b-(z-a))? = ((z-a)-b)? = (x-(a-b))?. We have shown that ((a-b)-z)% = (x-(a-b))?,

i.e. that a-b € S. Now to show closure under inverse. We have that (z-a=1)% =

((a-a )12 = (a-2 12 = (@ a)>) ! = (@t -a) )2 = (a~ ! -2)% and

thus a=! € S. Therefore S is a subgroup of G.

Statement 16. Consider < G, > where G is finite and ) # H C G.
(Va,be H) (a-b€ H) = H is a subgroup of G

Proof. Let a € H and n € W be the order of a so that a™ is the identity e of
G. An inductive argument establishes that a* € H for all non-negative integers k.
It then follows that e = a™ € H. All that remains to be shown is closure under
inverses. We have that e = a™ = a - a”~!. It then follows that a=! = a"~! € H.
This completes the proof that H is a subgroup of G. O

We define what it means to say that an element of a group is a period of a
function f.

Definition 1. Let G be a group and f: G — G. Then a € G is a period of f is to
say that
Ve e G, flaz) = f(x)

Statement 17. The set M ={a € G : a is a period of f } is a subgroup of G.

Proof. Let a,b € M,z € G,and y = a~!-2. So f(a™t-2) = f(y) = fla-y) =
fla-a=t-x) = f(z). So f(a=! x) = f(z) which is to say that a=* € M. Also,
since b,x € G, b-x € G. Thus, f(a-b-z) = f(a-(b-z)) = f(b-z) = f(z). Hence
a-be M. Therefore, M is a subgroup of G. d

Statement 18. Consider the group G generated by a,b € G.
a-b=>b-a= G is Abelian



Proof. Let 1,29 € G. Since a and b generate G, x1 and zo can be expressed
as factors of a and b. Let m; and n; be the exponents of a and b for x;, where
i € {1,2}. We then have that x; = a™* - b™ and x5 = a™2 - b"2. Thus z1 - 29 =
(@™ -p™)(a™2 - b"2). Because a and b commute, x1 - 9 = (™ - ") - (™2 -H"2) =
(aml _amg) A (b"l _bnz) — (amQ ~a,m1)-(b"2 ,bm) — (amz _bnz) . (arm _bm) =T9-T1. O

Statement 19. Let < G, > be a group and H be a subgroup of G. Then
K:{xGG:aGH — x~a~x_1eH}
s a subgroup of G.

We have that K is the set of all elements from the group G whose conjugation
of x € G with an element a € G will stay in the subgroup H if and only if a € H.
The set K preserves the structure of H under conjugation. This set K is named
the normalizer of G. Other ways of expressing K are as

{2€G:zHx'=H} and {2 €G:2H = Hz }.

Proof. Let y,z € K. To show that y -z € K, we will first prove that a € H implies
(y-2)-a-(y-2)"t € H. Soassume a € H. Since z € K anda € H, z-a-z"1 € H.
Also, sincey € K and z-a-2"' € H, (y-2)-a-(y-2) "' =y-(2-a-271)-y~ € H. Now
we will prove that (y-z)-a(y-2)~! € H implies a € H. Because y-z-a-(y-2)~! € H,
y-(z-a-2z71) .- y~' € H, which implies that z-a- 27! € H since y € K. And
since z € K and z-a-2~' € H, it must be that « € H. Hence we have shown that
(y-2)-a-(y-2)"'€eH < acH.

It remains to show that y~! € K. To show this, we will first prove that a € H
implies y~!-a-y € H. Assume a € H sothat y-y~'-a-y-y~' =a € H. Because
yeKandy -y ' a-y-y ' €H, y ' a-ye H Now we will prove in the other
direction that y=!-a-y € H implies a € H. Since y € K and y~! -a-y € H,
a=w-y Ha(y-yH=vy-(yt-a-y) -y !e H Hence, we have established
closure under inverses.

Therefore, K is a a subgroup of G. (]

Statement 20. H is a subgroup of K.

Proof. 1t suffices to show that H C K since all properties of a subgroup hold for
H. Let z € H. We will first prove that a € H implies z-a-x~! € H. Since H is a
subgroup and z,a € H, z-a-2~' € H. Now it remains to show that z-a-27' € H
implies that a € H. Since z,z-a-27' € Hya=2"Y(z-a-27') -z € H. Thus
x € H implies x € K. Therefore, H is a subgroup of K. O



